In this paper, we perform our algorithm developed in [Yu & Lee, 2001 ] to present the entire branches of quasiperiodic solutions starting from the bifurcation points in the branches of periodic solutions in an interval of parameters for the 2-mode damped, driven sine-Gordon ODE.
Introduction
In [Yu & Lee, 2001] , we developed an algorithm to seek a new branch of quasiperiodic solutions from a Hopf bifurcation point in a branch of periodic solutions of the truncated 2-mode damped, driven sineGordon ODE,
ä 1 + 0.04ȧ 1 = − 2π 12
where Γ is the parameter, and J 0 , J 1 are the Bessel functions. 1 Here, for conventional reason (for example, see [Xiong, 1991] ), ω = 0.87, α = 0.04, L = 12. Let b 0 (t) =ȧ 0 (t), b 1 (t) =ȧ 1 (t), then Eqs.
(1) are reduced to a system of first-order nonautonomous ODEs,
In this paper, we apply our algorithm to the other Hopf bifurcation point on the same branch (as in Fig. 1 , Table 1 , and will be explained later). We observed that, different to those in Fig. 2 which were developed in [Yu & Lee, 2001] where the invariant curves are geometrically stable while extremely unstable in dynamics, the invariant curves in the new branch behave in totally opposite ways, i.e. they are relatively much more stable in dynamics yet their geometry is very unstable, as will be explained later. 
Bifurcation Diagram
The branches of periodic solutions of Eq. (2) are shown in Fig. 1 and Table 1 . Each point along those branches represents a periodic orbit f (t, Γ) where the x-axis is Γ and the y-axis is the average norm (1/T ) T 0 |f (t, Γ)|dt. Notice that, since Eq. (2) is nonautonomous, all periodic solutions have the same period T = 2π/ω. At this stage, our result is identical to the result of [Xiong, 1991] . In a further work, we have found two Hopf bifurcation points, namely #4 and #5 in Fig. 1 . Theoretically, there is a new branch of quasiperiodic solutions bifurcated from each of the two bifurcation points, i.e. in Poincaré sections, 2 branches of invariant curves should be born. In the following figures, those numbered and ordered curves in the Poincaré sections represent some of the quasiperiodic tori in the branch as the parameter Γ varies.
Hopf bifurcation point #4
To start and continue this new branch from the bifurcation point #4, we developed our algorithm [Yu & Lee, 2001] . As shown in Fig. 2 with detailed data in Table 2 , where κ is the maximum integer less than or equal to the reciprocal of the rotation number, 3 the tori are apparently growing with κ increasing rapidly. But, after curve #8, those curves immediately become almost undistinguishable. This indicates that the dynamics of the system has a dramatic change for this range of parameter.
Hopf bifurcation point #5
As shown in Figs. 3-7 with detailed data in Table 3 , we illustrate the new branch of the quasiperiodic solutions starting from the bifurcation point #5 in Fig. 1 . Here, we found very different phenomena from that shown in Fig. 2 . On one hand, the dynamics of the tori are almost stable with κ = 4. On the other hand, in a very small interval of parameter, namely 0.243068576864 ≤ Γ ≤ 0.243141125798, the geometry of those invariant curves changes rapidly in all categories such as size, shape, positions, etc. Notice that the curve #20 is a turning point in the whole branch. Indeed, due to the sensitivity in all aspects of those invariant curves, we have been extremely careful in applying our algorithm to this case.
Conclusion
Apparently, the truncated 2-mode damped, driven s-G ODE does have a complicated dynamics. The truncated 3-mode case, e.g. a j + αȧ j = a j e j , e j − sin
a i e i , e j − Γ cos(ωt) 1, e j , j = 0, 1, . . . , N − 1 , where N = 3, is now under investigation. Due to the complexity of its dynamics and geometry, it is nontrivial at all to continue a smooth branch of the quasiperiodic solutions starting from a bifurcation point. We have already made some progress which is yet far from the desired result. To our knowledge, up to now, there is still no satisfactory algorithm in developing the invariant tori branch, and the reason seems quite clear. We shall continue to improve our method to do current and further research work.
